In this paper, we introduce an iterative process which converges strongly to a common element of solutions of variational inequality problems for γ-inverse strongly monotone mappings and common fixed points of a countable family of total quasi-φ-asymptotically nonexpansive nonself mappings, and hence obtain related convergence theorems in Banach spaces.
Introduction
Throughout this paper, we always let E be a Banach space, E * be the dual space of E, C a nonempty, closed and convex subset of E. The normalized 
x − y , ∀x, y ∈ D(A).
Suppose that A is a monotone operator of C into E * . The variational inequality problem is to find u ∈ C such that v − u, Au ≥ 0, ∀v ∈ C.
The set of solutions of the variational inequality problem is denoted by V I(C, A).
It is well know that V I(C, A) is closed and convex subset in C. Such a problem is connected with the convex minimization problem, the complementarity problem, the problem of finding a point u ∈ E satisfying 0 = Au and so on.
we shall denote the fixed point set of a mapping T by F (T ). When {x n } is a sequence in E, we denote strong convergence of {x n } to x ∈ E by x n → x and weak convergence by x n x. A mapping T : C → C is said to be closed, if for any sequence {x n } ⊂ C with x n → x and T x n → y, then T x = y.
A subset C of E is said to be retract of E, if there exists a continuous mapping P : E → C such that P x = x for all x ∈ C. It is well known that every nonempty closed and convex subset of a uniformly convex Banach space is a retract of E. A mapping P : E → C is said to be a retraction, if P 2 = P . It follows that if a mapping P is a retraction, then P y = y for all y in the range of P . A mapping P : E → C is said to be a nonexpansive retraction, if it is nonexpansive and it is a retraction from E to C. Definition 1.1 Let P : E → C be the nonexpansive retraction.
(1) T : C → E is said to be quasi-φ-asymptotically nonexpansive nonself mapping, if F (T ) = ∅ and there exists a real sequence
(2) T : C → E is said to be total quasi-φ-asymptotically nonexpansive nonself mapping, if F (T ) = ∅ and there exists nonnegative real sequence {ν n }, {μ n } with ν n → 0, μ n → 0, n → ∞ and a strictly increasing continuous function ρ :
A countable family of nonself mapping {T i } : C → E is said to be uniformly total quasi-φ-asymptotically nonexpansive, if ∞ i=1 F (T i ) = ∅ and there exists nonnegative real sequence {ν n }, {μ n } with ν n → 0, μ n → 0, n → ∞ and a strictly increasing continuous function ρ :
Each quasi-φ-asymptotically nonexpansive nonself mapping must be a total quasi-φ-asymptotically nonexpansive nonself mapping, but the converse is not true.
A nonself mapping T : C → E is said to be uniformly L-lipschitz continuous, if there exist a constant L > 0 such that
Concerning the strong and weak convergence of asymptotically nonexpansive self or nonself mappings, relatively nonexpansive, quasi-φ-nonexpansive and quasi-φ-asymptotically nonexpansive self or nonself mappings have been considered extensively by several authors in the setting of Hilbert or Banach spaces (see e.g., [2] [3] [7] [8] ). L.C. Zhao, S.S. Chang [10] introduced the Halpern and Mann-type iteration algorithm for a family of total quasi-φ-asymptotically nonexpansive nonself mappings as follows:
Iiduka and Takahashi [4] introduced the following iteration scheme for finding a solution of the variational inequality problem for a γ-inverse-strongly monotone operator A in a 2-uniformly convex and uniformly smooth spaces:
Under certain conditions, they proved that the sequence {x n } generated by (1.7) converges weakly to some element of V I(C, A). Moreover in [5] , Iiduka and Takahashi proposed the following scheme:
(1.8)
They proved that the sequence {x n } generated by (1.8) converges strongly to some element of V I(C, A). In the paper, motivated and inspired by the above work, we introduce a projection iterative scheme that converges strongly to a common element of solutions of variational inequality for γ-inverse-strongly monotone operators and common fixed points of a family of total quasi-φ-asymptotically nonexpansive nonself mappings in the Banach spaces.
we need the following Lemmas. Lemma 1.1 [9] Let E be a 2-uniformly convex and smooth Banach space. Then for all x, y ∈ E, we have
where J is the normalized duality mapping of E, and
is the 2-uniformly convex constant of E. Lemma 1.2 [1] Let E be a reflexive, strictly convex and smooth Banach space, let C be a nonempty, closed and convex subset of E. Then the following conclusion holds:
(
For x, y ∈ E, φ(y, x) = 0 iff x = y. Lemma 1.3 [9] Let E be a uniformly convex and smooth Banach space and let r > 0. Then there exists a continuous, strictly increasing and convex function g : [0, 2r] → R such that g(0) = 0 and
for all x, y ∈ B r and t ∈ [0, 1], where B r := {z ∈ E : z ≤ r}. Lemma 1.4 [6] Let E be a uniformly convex and smooth Banach space and let {y n }, {z n } be two sequences of E. If φ(y n , z n ) → 0, as n → ∞, and either
We make use of the function V :
which was studied by Alber [1] That is,
We know the following Lemma. Lemma 1.5 [1] Let E be a reflexive, strictly convex and smooth Banach space with E * as its dual. Then
for all x ∈ E and x * , y * ∈ E * . Lemma 1.6 [10] Let E be a smooth, strictly convex and reflexive Banach space and C be a nonempty, closed and convex subset of E. Let T : C → E be a closed and total quasi-φ-asymptotically nonexpansive nonself mapping with nonnegative real sequences {ν n }, {μ n } and a strictly increasing continuous function ρ : R + → R + such that ν n → 0, μ n → 0, n → ∞ and ρ(0) = 0. Then the fixed point set F (T ) is a closed and convex sunset of C.
Main Results
Theorem 2.1 Let C be a closed and convex subset of a real uniformly smooth and uniformly convex Banach space E. Let T i : C → E, i = 1, 2, . . . be a family of closed and uniformly total quasi-φ-asymptotically nonexpansive nonself mapping with nonnegative real sequences {ν n }, {μ n } and a strictly increasing continuous function ρ : R + → R + such that ν n → 0, μ n → 0, n → ∞ and ρ(0) = 0, and for each i ≥ 1, T i be uniformly L i -Lipschitz continuous.
Let A : C → E * be a γ-inverse strongly monotone mapping. Suppose Ω = ( A) is nonempty-bounded and Ax ≤ Ax − Ap for all x ∈ C and p ∈ Ω. Let {x n } be a sequence defined by
where
, where
is the 2-uniformly convex constant of E. Then {x n } converges strongly to Π Ω x 0 . Proof We divide the proof into five steps.
Step 1. Ω and C n , n ≥ 1 are closed and convex subset in C. It follows that Lemma 1.6 that F (T i ) is a closed and convex subset in C. Then
is closed and convex subset in C, and V I(C, A) is a closed and convex subset in C. So Ω is a closed and convex subset in C.
By the assumption that C 1 = C is closed and convex. suppose that C n is closed and convex for some n ≥ 1. From the definition of φ we have that
2) This implies that C n+1 is closed and convex in C.
Step 2. Next, we prove Ω ⊂ C n for all n ≥ 1. Ω ⊂ C 1 = C is obvious. Suppose that Ω ⊂ C n for some n ≥ 1. ∀p ∈ Ω, using Lemma 1.2 and Lemma 1.5, we have
3) Since p ∈ V I(C, A) and A is a γ-inverse strongly monotone mapping, we have from (2.3) that
Therefore, from (2.4), (1.9) and the fact Ax ≤ Ax − Ap for all x ∈ C and p ∈ Ω and 0 < a < λ n < b <
we obtain that
Since E is uniformly smooth, we know that E * is uniformly convex, by lemma 1.3 and (2.5) and so
(2.6) Therefore we have sup
This show that p ∈ C n+1 , and so Ω ⊂ C n+1 .
Step 3. Next we prove that {x n } is a Cauchy sequence in C. From x n = Π Cn x 0 and Lemma 1.2, we have
Since Ω ⊂ C n for all n ≥ 1, we arrive at
From Lemma 1.2, we have
for each p ∈ Ω and for all n ≥ 1. Therefore, the sequence {φ(x n , x 0 )} is bounded. By (1.1), {x n } is also bounded.
On the other hand, noticing that x n = Π Cn x 0 and
It follows that lim n→∞ φ(x n , x 0 ) exists. By Lemma 1.2, for any positive integer m, we have that
For all n ≥ 1, therefore we have Then {x n } is a Cauchy sequence in C. Hence there exists a point x * ∈ C such that {x n } converges strongly to x * . By the assumption, we have
Step 4. Next we prove that x * ∈ Ω. Since x n+1 = Π C n+1 x 0 ∈ C n , from the definition of C n and (2.6), we have From (2.6), we have
Since J is uniformly norm-to-norm continuous on bounded sets, this shows that lim
By the assumption that for each i ≥ 1, T i is uniformly L i -Lipschitz continuous, thus we obtain that
16-2.17), we have lim
In view continuity of T i P and (2.16), it implies that
For t with 0 < t < 1 and v ∈ C, let z t = tv + (1 − t)x * . Since x * ∈ C and v ∈ C, we have z t ∈ C. From (2.18) it follows that
By the continuity of A and the fact that y n , x n → x * , n → ∞ and Jy n , Jx n → Jx * , n → ∞. we obtain that Ay n − Ax n → 0 and Jy n − Jx n → 0, n → ∞. Since A is monotone, we also have that z t − y n , Az t − Ay n ≥ 0. Thus, it follows that 0 ≤ lim Proof Taking ρ(t) = t, t > 0, ν n = (k n − 1) and μ n = 0 in theorem 2.1, we can obtain the result.
